We consider d-dimensional Brownian motion in a scaled Poissonian potential and the principal Dirichlet eigenvalue (ground state energy) of the corresponding Schr odinger operator. The scaling is chosen to beof critical order, i.e. it is determined by the typical size of large holes in the Poissonian cloud. We p r o ve existence of a phase transition in dimensions d 4: There exists a critical scaling constant for the potential. Below this constant the scaled in nite volume limit of the corresponding principal Dirichlet eigenvalue is linear in the scale. On the other hand, this limit is strictly smaller than the linear bound for large values of the scaling constant. For d < 4 w e p r o ve that this phase transition does not take place on that scale. Further we s h o w that the analogous picture holds true for the partition sum of the underlying motion process.
INTRODUCTION AND RESULTS
In this article, we consider standard Brownian motion in R d , d 1, which evolves in a scaled random potential. The scaled random potential is obtained by translating a xed shape function W to all the points of a Poissonian cloud with constant intensity = 1. .3) is played by the principal Dirichlet eigenvalues to the potential V on the boxes (;t t) d . Analysing the asymptotic behavior of these principal Dirichlet eigenvalues, one sees that the main contribution comes from the large holes in the (random)
Poissonian potential V . The box ( ;t t) d typically contains a ball having a radius of order d 1=d v ;1=d d (log t) 1=d which receives no point of ! (see Sznitman 5] , Formula (4.4.38) and Theorem 4.4.6). In this article we examine whether such large holes are still dominant when we rescale the Poissonian potential in an appropriate way (see (0.1)): the costs of con ning a Brownian particle to large Poissonian holes now compete with the costs arising in an averaged scaled Poissonian potential the scaling is chosen such that these two costs are of the same \order".
The main role in this context is played by the principal Dirichlet eigenvalue. It is de ned as follows: The principal Dirichlet eigenvalue on the non-empty open set U R d to the potential V t is (see also Sznitman 5] In fact we prove a slightly stronger quantitative asymptotic bound for ! 1 (see (3.37) ).
Theorem 0.1 proves that in our context we obtain an eigenvalue which is strictly smaller than in the unscaled case (see 5], Theorem 4.4.6). In the unscaled case one observes that the eigenfunctions essentially live in the large Poissonian holes. In our model, the eigenfunctions prefer large connected regions where the number of Poissonian particles is less than its expectation. These regions are typically larger (by a -dependent factor) than the holes in Sznitman's context. Henceforth the contribution from the potential term can becompensated by the gradient term in such a way that we obtain a smaller value than in the unscaled picture. One should compare these results with (0.3). It would also be interesting to examine the path behavior of Brownian motion in a scaled Poissonian potential. However, this question goes beyond the scope of this article. So far, our picture suggests that for d 4 and small the motion process should be di usive, whereas for large or d < 4 w e expect a superdi usive behavior. The statements hold true for general W 0 (measurable, bounded, compactly supported) with R W(x)dx > 0 and general Poissonian intensity > 0. All one has to change is to scale the critical scaling parameter according to the choice of d and W and to multiply the right-hand side of (0.7), (0.8), (0.11) and (0.12) by a constant depending only on d and W. We restrict ourselves to the case R W(x)dx = 1 and = 1 since it already covers the whole avor of the problem and since the general case can be recovered by a simple scaling argument.
By standard arguments coming from time-independent second order quantum mechanical perturbation theory one sees that 7 ! V t ((;t t) d ) is concave henceforth 7 ! lim inf t!1 (log t) 2=d V t ((;t t) d ) is concave.
This article is organised as follows: In Section 1 we give some general results and de nitions that we use in the whole article.
In Section 2 we provide the lower bound on the principal Dirichlet eigenvalue in the low--regime (d 4). This consists of three parts: Part 1: We generalize the CwickelLieb-Rosenbljum Theorem (Theorem 9.3 in Simon 4] ) to our situation, where we do not have one big hole in the Poissonian cloud but many holes which are separated by large distances (see Lemma 2.2 below). The main tool here is a comparison theorem by Sznitman for principal Dirichlet eigenvalues on di erent domains (see 5], Theorem 3.1.11). Part 2: Next we de ne the notion of big holes. We i n troduce a \stu ng" function to \repair" the potential in regions, where there are too large holes ((2.26)-(2.28)). In Lemma 2.5 we p r o ve t h a t w e can compare the principal Dirichlet eigenvalue of the original potential with the eigenvalue of the repaired potential. The main tools in this part are large deviation estimates for having a big hole in the Poissonian cloud con guration on all \grey-scale" levels. Part 3: Finally we estimate the principal Dirichlet eigenvalue of the repaired potential from below by classical methods.
In Section 3 we give the upper bounds on the principal Dirichlet eigenvalues. The upper bounds are based on a variational principle (Lemma 3.2). This is obtained by the G artner-Ellis large deviation theorem (Theorem 2.3.6, 2]) applied to integrals of test functions with respect to the Poissonian cloud con guration. We derive all our upper bounds by optimising this variational principle (for the according 's). This is done in In Section 4 we nally give the translation of the results concerning the principal Dirichlet eigenvalue to results about partition sums for Brownian motion in a scaled Poissonian potential.
PRELIMINARIES
In this section we do all the preparatory work to prove our results. We start with the following de nitions: For t > 0, we de ne where we h a ve set s = ; log(1;") > 0, i.e. e ;s ;1 = ;", a n d g(") = ( 1 ;") log(1;") + ". We have g 0 (") = ; log(1 ; "), g 00 (") = 1=(1 ; ") 1, g(0) = 0, and g 0 (0) = 0 therefore g(") 1 2 " 2 . Inserting this into (1.5) proves Lemma 1.3. 2 2 LOWER BOUND IN THE LOW--REGIME 2.1 Generalization of the Cwickel-Lieb-Rosenbljum Theorem
At t h e heart of the proof of the lower bound in Theorem 0.2 lies a n i c e theorem which is due to Cwickel-Lieb-Rosenbljum (CLR) (see Theorem 9.3 in 4]). Here is also an important step where the calculations in dimensions d = 1 2 break down (see Simon 3] Our rst goal is to generalize this result to a situation where one has many holes in the potential, but the distances between the holes are large. for all open sets U R d V (U) 0:
The inequality (2.6) implies (2.4): due to the CLR Theorem (Theorem 2.1) we k n o w that U j (R d ) 0 for all j, hence we have (using (2.6)) has to travel at least distance l=4 > 0, we have that for all x 2 R d , lim k S k = 1 P x -a.s.
(which is Condition (3. 
Next we h a ve, again using Corollary 3.1.3 and Formula (3.1.19) of 5] together with (2.9) and the fact that for all large l, where the last step can be seen by generalizing the result for the one-dimensional exit time (Formula 3.0. 
Finally we split these boxes K i j into even smaller boxes on the scale of the diameter of the potential. We choose the length a(t) such that a a(t) 2a, and such that ( (t) l o g t) We i n troduce a random \stu ng" function: It has the purpose to \repair" the potential, where the truncated version V^M of V is too small (caused by the randomness of ! M > 1 denotes a truncation level). The truncated potential may be too small in the box K i j for two reasons: 1) The total numberof points of the Poissonian point process in the box K i j might be too low this is measured by the quantity i j def
2) The points inside the box K i j might clump too much, leaving holes in other parts of the box. To measure this, we introduce the event where > 0 denotes a (small) allowed tolerance and M def = M=(3 d W 1 ). We de ne the random \stu ng" function U (depending on M, , t, and on the Poissonian cloud con guration !): for j 2 J, k 2 f 0 1g d ,
This means that we work with a \grey-scale picture" for repairing the rst kind of holes, but a \black-and-white picture" is su cient to repair the second kind of holes. The Poissonian cloud con guration ! 2 is \repaired" by U in the following sense: ;
this is obvious on the event F We observe the following bounds for U: 
The next lemma bounds the probability that Poissonian points clump to much inside a box K i j :
Lemma 2. We introduce the events F (n) i j def = f i j > " n g = f!(K i j ) < (1 ; " n )jK i j jg (2.52) for n 1, i 2 I, j 2 J one should not confuse these events F (n) i j , n 1 (which take care about lling holes on a \grey-scale level") with the event F (0) i j , w h i c h w as introduced in (2.25), and which takes care of \clumps" in the Poissonian cloud con guration however the similar notation was chosen intentionally to treat both kinds of \repairing the potential" at the same time below. We get P E We use the exponential Chebyshev-inequality, the independence of the events (F (n) i j ) i2I
(n 2 M , 2 R ), and the bounds (2.55) and (2.38) to get for > 0: 2 . In the case = we obtain the right-hand side in (2.63) as a lower bound,too: M 0 " 2 0 (t)=2 c 7 (d)= d=2 . It is important to note that this right-hand side in (2.63) does not depend on this allows us to choose c independent of the value of . Inserting these estimates, we get whereṼ M t is given in (2.33). We abbreviate (t)
, this is the scale on which we have de ned our \stu ng" function, it scales as follows: We apply this criterion on a time scale T = T(t) w i t h (t) 2 T(t) ( where we h a ve used e ;z 1;z + 1 2 z 2 , w h i c h i s v alid for all z 0, and (2.76). We observe the following asymptotic behavior of the last summand in (2.79):
as t ! 1 
UPPER BOUNDS
The derivation of upper bounds is based on a variational principle. This is obtained using the large deviation theorem of G artner and Ellis (Theorem 2.3.6 in 2]). First we prepare the application of this large deviation result: We apply it to integrals of test functions with respect to Poissonian cloud con gurations. For this reason we examine the following rate functions: Let be a bounded measurable test function with compact support. We de ne the generating function of the Poisson process: ( ) j Sj + c 12 log ; c 13 :
Proof of Lemma 3.1. Proof of 1.: The integrand x 7 ! e (x) 2 ; 1 depends analytically on , and the upper bound x 7 ! sup 2K je (x) 2 ; 1j is integrable for all compact subsets K of the complex plane hence ( ) < 1 for all 2 R, and is a real-analytic function. ;! j Aj:
Let A " def = fx 2 R d : j (x)j > " g for " > 0. Set s def = sup j j, and assume that " > 0 is so small that jA " j > 0. We rewrite the last integral, using the notation ( ; where the rst term on the right-hand side of (4.1) has beenestimated by the standard one-dimensional estimate using the re ection principle. We remark that the leading term is the second one, the exponent V t (T t ) t grows slower than of order t as t ! 1. But this together with the results on V t (T t ) g i v es the upper bound in Theorem 0.4.
So let us come to the lower bounds. Let U b e a s u b s e t in T t , t h e n w e denote byŨ the open p d-neighborhood of U. Consider y 2 U such that (6.1. Then the claims follow from the remark that the leading orders of V t (T s ) a n d V t (T t )
are the same as t ! 
